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The most general geometrical scenario in which the brane-world program can be implemented is
investigated. The basic requirement is that it should be consistent with the confinement of gauge
interaction, the existence of quantum states and the embedding in a bulk with arbitrary dimensions,
signature and topology. It is found that the embedding equations are compatible with a wide class
of Lagrangians, starting with a modified Einstein-Hilbert Lagrangian as the simplest one, provided
minimal boundaries are added to the bulk. A non-trivial canonical structure is derived, suggesting
a canonical quantization of the brane-world geometry relative to the extra dimensions, where the
quantum states are set in correspondence with high frequency gravitational waves. It is shown that
in the cases of at least six dimensions, there exists a confined gauge field included in the embedding
structure. The size of extra dimensions compatible with the embedding is calculated and found to
be different from the one derived with product topology.
PACS: 11.10.Kk, 04.50.+h, 04.60.+n
I. INTRODUCTION
The brane-worlds program proposes a solution of the
hierarchy problem at the TeV scale, assuming that the
usual matter and standard gauge interactions remain
confined to a four-dimensional space-time embedded in
a higher dimensional bulk, while the extra dimensions
are probed by gravitons. The size of the extra dimen-
sions is of the order of tenths of millimeter, as derived
from the effective Planck scale in four dimensions and a
fundamental scale in the bulk set at the TeV [1,2].
Brane-worlds inherits its name and some basic ideas
from Horava-Witten’s M-theory, where the standard
model of interactions contained in the E8 ×E8 heterotic
string theory is also confined to a 3-brane, but gravitons
propagate in the 11-dimensional bulk [3]. However, the
use of large extra dimensions and confined gauge interac-
tions in higher dimensional models has been considered
earlier, under distinct motivations [4]. Also, the idea of
a space-time embedded and evolving in a higher dimen-
sional space has been proposed in various related appli-
cations, such as the generation of internal symmetries,
quantum gravity, alternative Kaluza-Klein theories and
cosmology [5]. Recent problems and reviews can be found
in [6,7].
In this note we attempt to answer some basic ques-
tions which remain open, due in part to the fact that
most of the recent developments are specific to particu-
lar models. For example this has given the wrong im-
pression that the brane-world program is necessarily a
five-dimensional theory based on the AdS5 bulk, or that
it is a higher dimensional theory defined on a bulk with
a product topology. Thus we ask, what is the most gen-
eral geometrical scenario in which such program can be
developed? What are its essential, model independent,
postulates? How are TeV gravitons to be defined and
how do we confine the gauge interactions? Above all,
what is the brane-world action principle?
As the program stands today and leaving aside model
dependent properties such as the AdS5 bulk, warp factors
and junction conditions, we may identify four basic prin-
ciples. One of phenomenological nature sets the funda-
mental scale of interactions at the TeV. The other three
are of theoretical nature, asserting that the extra dimen-
sions are probed by TeV gravitons, that the standard
gauge interactions remain confined to the four dimen-
sional space-time and that this space-time is embedded
in a higher dimensional bulk space.
Our purpose is to avoid the limitations imposed by the
hypersurface condition or by the use of specific topolo-
gies, studying the compatibility between those principles
in the most general situation, assuming that the bulk has
an arbitrary number of dimensions, arbitrary signature
and topology. Thus, brane-worlds are considered here in
the broader sense, characterized only by the above basic
principles. That is, as dynamically embedded submani-
folds, such that they retain the gauge interactions con-
fined within and that they exhibit some sort of quantum
fluctuations.
One of our results shows that under those very gen-
eral conditions the Einstein-Hilbert action arises natu-
rally as the simplest action derived from the embedding
equations. We will see that the total divergence term
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can be removed before the application of the variational
principle, resulting in a considerable simplification of the
dynamics.
Although very little has been said about the symme-
tries of the extra dimensions, we have not found any mo-
tivation to mix this group with the space-time diffeomor-
phisms. Assuming that these are separate symmetries,
we are able to derive a canonical formulation of brane-
worlds and sketch a model of quantum theory.
Another result shows that when the number of extra
dimensions is greater than one and that they admit an
isometry group, the embedding equations contain a con-
fined gauge-like potential, whose gauge group is defined
by that symmetry.
Finally, we find that the size of the extra dimensions
that can be probed by gravitons, compatible with the
embedding, requires the existence of minimal bound-
aries. Using these boundaries we find that the size differs
slightly from that estimated in [1]. However, for small in-
cursions in a region where the embedding is smooth the
difference is negligible.
The paper is organized as follows: In section II brane-
worlds are described from the point of view of geomet-
ric perturbations, where each perturbation remains an
embedded submanifold. The Lagrangian for the higher
dimensional space geometry is derived from Gauss’ equa-
tion, without appeal to any particular symmetry in sec-
tion III. A non-constrained canonical structure is also de-
rived. In section IV we discuss the corresponding quan-
tum description of a brane-world and the induced topo-
logical changes. Section V shows the confined gauge field
included in the embedding and its implications to the
number of the extra dimensions. The size of these di-
mensions compatible with the embedding is discussed at
the end.
II. GEOMETRIC PERTURBATIONS AND
STABILITY
The electromagnetic, weak and strong interactions to-
gether with the confined matter produce tensions, pres-
sures and energy in the brane-world, which in turn cause
deformations on its geometry. Therefore, a natural ap-
proach to brane-world perturbative analysis is to start
with the perturbations of the source, and then find the
consequent perturbation of the geometry. To do this, it is
common practice to rely on junction conditions relating
the energy-momentum tensor of the source to the ex-
trinsic curvature. Besides being not unique, it has been
noted that these conditions are difficult to solve together
with the other equations [8]. A more general procedure
is to follow on the opposite direction, starting with the
perturbations of the geometry and if desired, latter on
find the perturbations of the confined source [9]. This
has the advantage of requiring a simpler dynamics and it
can be applied to any number of dimensions. Actually,
by use of Nash’s perturbative embedding procedure, we
shall see that the brane-worlds may be described as a
family of stable perturbations of a given locally embed-
ded background space-time.
The local embedding is constructed in a neighborhood
of each point of the brane-world, defining an embed-
ding bundle whose total space consists of all embedding
spaces. Then, the embedding equations are derived from
the curvature tensor of each local embedding space, writ-
ten in the Gaussian frame defined by the embedded sub-
manifold and the normal vectors [10]. From the point
of view of brane-worlds, this amounts to have a dynamic
bulk whose geometry depends on that of the brane-world,
as opposed to static or rigid embedding.
Perturbations of embedded submanifolds with respect
to a transverse direction has been used as a way to gen-
erate embedding theorems along the following lines [11]:
Consider background V¯n with metric g¯ij , isometrically
embedded in VD, by a map X¯ : V¯n → VD such that∗.
X¯µ,i X¯ ν,jGµν = g¯ij , X¯µ,i η¯νAGµν = 0, η¯µAη¯νBGµν = gAB (1)
where we have denoted by Gµν the metric of VD in arbi-
trary coordinates and gAB denotes the components of the
metric of the complementary space orthogonal to V¯n, in
the basis {ηA}. The perturbations of V¯n with respect to a
small parameter s along an arbitrary transverse direction
ζ is given by
Zµ(xi, s) = X¯µ + s£ζX¯µ = X¯µ + s(ζ,X )µ (2)
The presence of components of ζ tangent to Vn is a cause
for concern because it can induce undesirable coordinate
gauges. In geometric perturbations it is possible to ob-
tain coordinate gauge independency simply by selecting
the ζµ to be orthogonal to the background. In this case,
we obtain the perturbations of the embedding map along
a single orthogonal extra direction η¯A as
Zµ,i(x, sA) = X¯µ,i (x) + sAη¯µA,i(x). (3)
Since the vectors η¯A are independent and they depend
only of xi, it also follows that
ηµA(x
i) = η¯µA + s
B[η¯B, η¯A]
µ = η¯µA (4)
However, it is not obvious that this perturbation repre-
sents a new submanifold or even that it is embedded in
∗ All Greek indices run from 1 toD. Small case Latin indices
run from 1 to n and capital Latin indices run from n + 1 to
D. The covariant derivative with respect to the metric of the
higher dimensional manifold is denoted by a semicolon and
ξ
µ
;i = ξ
µ
;γX¯
γ
,i denotes its projection over Vn. The curvatures
of VD are distinguished from that of Vn by a calligraphic R.
Since we have not fixed the signature of VD the notation G =
|det(Gαβ)| is used throughout.
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the same VD. For example, the Schwarzschild space-time
is known to be isometrically embedded in a six dimen-
sional flat space with metric signature (4, 2). Its maximal
analytic extension, the Kruskal space-time is also embed-
ded in a six dimensional space, but with metric signature
(5, 1) [16]. Now, the Kruskal space-time may be seen as
a perturbation of the Schwarzschild space-time such that
it becomes geodesically complete. Although the latter is
a subset of the former, they do not fit into the same flat
bulk, unless the signature of the six dimensional space
is allowed to change. Therefore, in the general case the
geometry and topology of the bulk should not be fixed.
The integrability conditions for the perturbed geome-
try are the Gauss, Codazzi and Ricci equations, respec-
tively
Rijkl = 2g
MNki[kMkl]jN +RµνρσZµ,iZν,jZρ,kZσ,l
ki[jA;k] = g
MNA[kMAkj]iN +RµνρσZµ,iηνAZρ,jZσ,k (5)
2A[jAB;k] = −2gMNA[jMAAk]NB
− gmnk[jmAkk]nB −RµνρσZρ,jZσ,kηνAηµB
The first two equations have been extensively applied to
the analysis of brane-worlds in five dimensions [8], but
as a whole they have not been appreciated in the case
D ≥ 6. Assuming that (5) hold true for all perturba-
tions, the result is an N -parameter family of embedded
submanifolds characterized by the parameters sA, suit-
able for a perturbative description of the brane-worlds,
after implementing the confinement and the quantiza-
tion.
The perturbation (3) and (4) induce a perturbation
of the metric gij along those dimensions which can be
written in general coordinates as
gij = g¯ij + χij(x
i, sA)
In particular, the linear perturbation obtained from the
expansion in sA are
gij = g¯ij + ǫ
AγijA(x
i)
where ǫA is a small expansion parameter. Applying this
to Einstein’s equations under the de Donder gauge, we
obtain the linear wave equation relative to the extra di-
mensions, where the back reaction of the background
geometry must be taken into consideration. The wave
equation is written in the most general form as
✷
ij
kℓΨijA(x, s) = 8πGTkℓA (6)
where ΨijA = γijA − 1/2γAg¯ij , γA = g¯mnγmn and where
(denoting∇¯kξ = ξ;k for clarity)
✷
ij
kℓ = g¯
ij∇¯k∇¯ℓ + 2R¯i jkℓ + 2R¯i(kδ jℓ) (7)
is the generalized (de Rahm) wave operator, containing
curvature terms of the background geometry.
Assuming that the wave solutions of (6) correspond to
the quantum modes of the brane-world geometry, they
must represent gravitational waves of high frequency.
That is, with a small wavelength λ as compared with a
local invariant characteristic length ℓ of the brane-world
geometry, the curvature radius, which plays a relevant
role on the determination of the classical modes. This
radius has been characterized as inf |Rijkl| [12], but in
brane-worlds it must be expressed in terms of a distance
in the extra dimensions. To find this we follow the same
definitions as in the geometry of surfaces. Consider the
embedding equations of the perturbed geometry written
in the particular Gaussian frame defined by the embed-
ded geometry and the ηA’s
Zµ,iZν,jGµν = gij , Zµ,iηνAGµν = giA, ηµAηνBGµν = gAB (8)
where giA = s
MAiMA and
AiAB = η
µ
B;iη
ν
AGµν = η¯µB;iη¯νAGµν = A¯iAB (9)
Replacing (3) in (8), we may express the perturbed met-
ric in the Gaussian frame defined by the embedding as
gij = g¯ij − 2sAk¯ijA + sAsB(g¯mnk¯imAk¯jnB
+ gMNAiMAAjNB) (10)
and the perturbed extrinsic curvature
kijA = −Zµ,iηνA;jGµν
= k¯ijA − sB(g¯mnk¯miAk¯jnB + gMNAiMAAjNB) (11)
The curvature radii of the background V¯n are the n×N
values ℓAi of s
A, one for each principal direction dxi and
for each normal ηA, satisfying the homogeneous equation
[10]
(g¯ij − sAk¯ijA)dxi = 0, A fixed. (12)
The single curvature radius ℓ is the smallest of these solu-
tions, corresponding to the direction in which the brane-
world deviates more sharply from the tangent plane.
Considering all contributions of ℓAi , in such a way that
the smaller solution of (12) prevails, the curvature radius
may be expressed as
1
ℓ
=
√
g¯ijgAB
1
ℓiA
1
ℓjB
(13)
Since (10) can also be written as
gij = g¯
mn(g¯im − sAk¯imA)(g¯jn − sB k¯jnB)
+ sAsBgMNAiMAAjNB
it follows that the components
g˜ij = g¯
mn(g¯im − sAk¯imA)(g¯jn − sB k¯jnB) (14)
become singular at the solutions of (12). Therefore, gij
and consequently, the metric of the bulk written in ma-
trix form
3
Gαβ =
(
g˜ij + s
AsBgMNAiMAAjNB giA
gjB gAB
)
(15)
becomes also singular at the points determined by those
solutions. Of course, this is not real singularity of VD
but a property of the Gaussian system defined by the
brane-world Vn. However, this singularity breaks the
continuity and regularity of the integrability equations
(5) which are constructed with this system. Therefore,
it represents also a singularity for the wave equation (7)
which depends on the background geometry. In short,
the curvature radius ℓ sets a local limit for the region in
the bulk accessed by the gravitons associated with those
high frequency waves.
III. FIELD EQUATIONS FOR BRANE-WORLDS
Among the three independent variables gij , kijA and
AiAB in (5), only gij is normally assumed to propagate
along the extra dimensions. However, comparing (11)
with the derivative of (10) we obtain the generalized
York’s relation
∂gij
∂sA
= −2kijA (16)
which shows that the extrinsic curvature also propagates
in the bulk, as a consequence of the metric propagation.
Finally, from (9) it follows that the third variable AiAB
does not propagate.
Since we are not using any particular metric ansatz, we
must follow a general procedure to determine the varia-
tional principle compatible with (5). For that purpose
we note that
gijZµ,iZ
ν
,j = Gµν − gABηµAηνB (17)
Using this, the contractions of the first equation (5) gives
the Ricci scalar of the perturbed geometry
R = (K2 − h2) +R− 2gABRµνηµAηνB (18)
− gABgMNRµνρσηµAησBηνMηρN
where K2 = kijAk
ijA corresponds to the Gaussian cur-
vature, hA = g
ijkijA is the mean curvature for ηA and
h2 = gABhAhB. In the Gaussian frame of the embedding
we may set gAB = ǫAδAB, ǫA = ±1, so that the last term
in (18) vanishes and
gABRµνηµAηνB = −gAB
∂hA
∂sB
+K2
Since this is a tensor equation, it holds in any frame and
(18) reduces to
R = R− (K2 + h2)− 2hA,A
where the divergence can be discarded under a volume
integration on sA, provided the mean curvatures hA van-
ish at given boundaries. This is automatically satisfied
when we assume that these boundaries are minimal sub-
manifolds. These fixed boundaries replace the dynamical
boundaries used in [2]. With this, after discarding this
divergence we obtain the Lagrangian for the brane-world
geometry
L(g) = R√g = R√g + (K2 + h2)√g (19)
Consequently, the dynamics of the gravitational field in
brane-worlds follows from the Einstein-Hilbert dynamics
of the bulk, modified by the presence of the extrinsic
curvature term.
We may also construct other scalar invariants with con-
tractions of various curvature terms and their powers to
obtain higher derivative Lagrangians, or even an infinite
series leading to the Nambu-Goto action. The modified
Einstein-Hilbert Lagrangian (19) is just the simplest one
that can be derived from the embedding equations (5),
without further assumptions.
The use of a variational principle permits us to intro-
duce an independent source in the brane-world. Thus we
add to (19) the Lagrangian of the confined matter Lm.
Then, the field equations with respect to the metric gij ,
with the confined matter represented by Tmij are
Rij− 1
2
Rgij=8πGT
m
ij +(Rµν−
1
2
RGµν )Zµ,iZν,j+Qij + Sij
(20)
where we have denoted
Qij = g
AB(bmiAbjmB − hAbijB)−
1
2
(K2 − h2)gij (21)
and
Sij = g
ABRµνηµAηνBgij −
1
2
gABRµνρσηµAησBZν,iZρ,j (22)
The value of (Rµν − 12Rµν) depends on the definition of
the geometry of the bulk, generally taken as a solution of
the higher dimensional Einstein’s equations, with a bulk
source represented by the energy momentum tensor TBµν .
In this case, due to presence of the factor Zµ,iZ
ν
,j , at the
end this bulk matter is projected onto the brane-world
in accordance with the confinement hypothesis.
In some models with a particularly chosen bulk ge-
ometry, the last term Sij vanishes. On the other hand
the term Qij depends essentially on the extrinsic curva-
ture and it does not necessarily vanish, even if the bulk
is flat. Therefore, this term may effectively modify the
usual Einstein dynamics. We will discuss its meaning in
a cosmological application in a subsequent paper.
The solutions of (20) describe the gravitational field in
the brane-world, showing the additional terms resulting
from the embedding. This must be complemented by the
description of the evolution of the brane-world geometry
along the extra variables. For this purpose, we need a
canonical structure compatible with (20) and compatible
with the perturbative analysis of section II.
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Unlike general relativity, the coordinates on the ex-
tra dimensions behave as the propagation parameters for
the embedded geometry, so that the phase space has to
be defined with respect to these parameters. Thus, the
momentum conjugated to Gαβ , relative to the extra di-
mension ηA is given by
pαβ(A) =
∂L
∂
(
∂Gαβ
∂sA
)
and in particular, using (16) we obtain the components
pij(A) = −(kijA + hAgij)
√
G (23)
which corresponds to the propagation of gij along ηA.
The confinement hypothesis implies that any gauge
fields and matter sources which could eventually be con-
tained in the extra components of the bulk metric should
not propagate. Therefore, consistently with this we add
the momentum constraints
piA(B) = −2
∂RαβηαAηβB
∂ ∂GiA∂sB
√G = 0, (24)
pAB(C) = −2
∂RαβηαAηβB
∂ ∂GAB∂sC
√
G = 0 (25)
These constraints are also consistent with our previous
choice of orthogonal perturbations given by (3) and (4).
Using (24) and (25), the Hamiltonian corresponding
to the displacement along a single direction ηA, follows
from the Legendre transformation
HA(g, p) = pij (A)gij,A − L =
− R√G − 1G
(
p2A
n+ 1
− pij(A)pij(A)
)
(26)
where we have denoted pA = gijp
ij
(A). Hamilton’s equa-
tions relative to the extra coordinate sA are
dgij
dsA
=
δHA
δpij(A)
=
−2√G
(
gijpA
n+ 1
− pij(A)
)
, (27)
dpij(A)
dsA
= −δHA
δgij
= (Rij − 1
2
Rgij)
√G +
1√G
[
2pAp
ij
(A)
n+ 1
+
1
2
(
p2A
n+ 1
+ pmn(A)p
mn
(A)
)
gij
]
(28)
The first of these equations is the same as York’s relation
(16) expressed in terms of pij(A), giving the propagation
of the metric in terms of the extrinsic curvature. The sec-
ond equation expresses the propagation of the extrinsic
curvature expressed in terms of pij(A).
We conclude that the Hamiltonian dynamics expressed
by (26) through (28) describe the same a motion which
equivalent to the one given by the perturbative analysis
in section II.
IV. QUANTUM STATES
The compactification of the extra dimensions down to
Planck’s length was introduced to make Kaluza-Klein
theory compatible with quantum mechanics, where the
normal modes of the harmonic expansion with respect to
the internal parameters were set in correspondence with
quantum modes [13]. As we know, in that theory the
strong curvature of the internal space contributes to large
mass fermion states, which are not observed at the elec-
troweak scale. If the extra dimensions were large or non
compact, then we would obtain massless or light Kaluza-
Klein modes, which could be observed at that energy
scale. However, it is not clear that these modes would
still keep a correspondence with quantum states.
Contrasting with the Kaluza-Klein program, in brane-
worlds only the gravitational field is expanded along the
extra dimensions, with modes associated with gravita-
tional waves [14]. Then the fermion chirality problem
would not arise but the metric expansion should hold in-
dependently of the fact that these dimensions are large,
compact or not. In other words, the quantum correspon-
dence must be independent of the bulk topology but it
must be compatible with the embedding. As remarked
before, the gravitational waves associated with the quan-
tum fluctuations of the geometry make sense only in the
high frequency limit, which depend on the local geometry
of the background, and not on the topology of the bulk.
In the previous sections we have seen that the same
perturbations that lead to the wave equation also lead to
a canonical formulation derived from the Hamiltonians
(26). Consequently, the quantum states associated with
the high frequency waves can be, at least in principle,
defined by the canonical quantization defined by those
Hamiltonians with respect to the extra dimensions. The
procedure would be similar to that of the ADM formu-
lation of general relativity, with an important difference:
Since the extra dimensions do not transform under the
same diffeomorphism group of the brane-world, the Pois-
son bracket structure does not suffer the same propaga-
tion problem. Instead, it behaves differently under the
brane-world diffeomorphisms and under the transforma-
tions of the extra coordinates. Therefore, the evolution
of a functional F in phase space relative to a single extra
dimension ηA, given in terms of Poisson brackets as
[F ,HA] = δF
δgij
δHA
δpij(A)
− δF
δpij(A)
δHA
δgij
=
δF
δsA
,
propagates covariantly along the evolution of the sys-
tem. Thus, a canonical quantization may be defined
for each separate HA associated with an operator HˆA
acting on a Hilbert space, where the quantum state of
the embedded brane-world is given by the wave func-
tion Ψij(A) and the final state is given by a superposition
Ψij =
∑
A α
AΨij(A).
The wave functions Ψij(A) describe spin-2 fields in the
brane-world as solution of the Klein-Gordon-like equa-
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tion associated with the de Rahm operator (7). How-
ever, its evolution along the extra dimensions requires
the explicit variation of these functions with respect to
sA. Since they do not mix with the brane-world coordi-
nates, they may be used as time parameters. As a naive
example consider that the quantum states are described
by Scho¨dinger’s equations with respect to sA
− ih¯dΨij(A)
dsA
= HˆAΨij(A) (29)
Then the probability of a brane-world to be in an em-
bedding state Ψij(A) is given by
||Ψij(A)||2 =
∫
Ψ†ij(A)Ψij(A) dv
where the integral extends over a volume in VD with a
base on a compact region of Vn and a finite extension
of the extra coordinates, such that it does not break the
limit ℓ of regularity of the embedding functions.
Topological changes such as the emergence of handlers,
black holes and wormholes, induced by the probability
transitions, are expected to occur from high energy os-
cillations [15]. Thus, for example, if ηA and ηB are
both space-like extra dimensions, then, the classical limit
of the probability transition < Ψij (A),Ψkℓ (B) > corre-
sponds to a transition from a perturbation of V¯n along
ηA to a perturbation along ηB. An observer in Vn may
interpret the result as the emergence of a space-like han-
dle. On the other hand, if ηA and ηB have both time-like
signatures, then the classical limit would correspond to a
closed loop involving two internal time-like parameters.
When ηA and ηB have different signatures, the tran-
sition probability must also take into account possible
changes of signature. Considering again the Kruskal
brane-world example, regarded as a geodesically com-
plete perturbation of the Schwarszchild space-time, we
may fit both space-times in the same dynamical six di-
mensional flat space, provided a quantum signature tran-
sition at the horizon is considered.
V. CONFINEMENT OF GAUGE INTERACTIONS
Since most of current discussion on brane-worlds is
concentrated on models with just one extra dimension,
not much has been said about the symmetries of the ex-
tra dimensions. In strings or M-theory all internal sym-
metries derive from the string group (e.g. E8 × E8 or
SO(32)) so that additional symmetries on the extra di-
mensions are not required or even wanted. Quite on the
opposite direction, Kaluza-Klein theory with a ground
state like M4×BN requires a maximal symmetry for the
space BN generated by the extra dimensions. In brane-
worlds the gauge interactions remain confined indepen-
dently of the state of the embedded geometry, suggesting
that the gauge group should also be independent of the
embedding state.
The bending of brane-worlds is described by the vari-
ation of the normal vector ηA when its foot is displaced
along the brane-world. In general it has tangent and nor-
mal components with coefficients kijA and AiAB respec-
tively. The variation of kijA produces a tension on the
brane-world and consequently a change of the energy-
momentum tensor of the confined source [8]. On the
other hand, as evidenced by (9) AiAB does not propagate
with sA. In order to understand its meaning, consider the
cases D ≥ 6 and that the space generated by the extra
dimensions has a certain number of Killing vector fields.
Then we may apply the relevant, but little explored fact
that AiAB transform as the components of a gauge po-
tential under that group of isometries. This can be seen
from the transformation of the mixed component of the
metric tensor, of VD under a local infinitesimal coordi-
nate transformation of the extra coordinates but leaving
fixed the coordinates of Vn:
s′A = sA + ξA with ξi = 0, and ξA = θAM (x
i)sM
where θAB are infinitesimal parameters. Denoting generic
coordinates in VD by {xµ} = {xi, sA}, it follows that [17]
g′iA = giA + giµξ
µ
,A + gAµξ
µ
,i + ξ
µ ∂giA
∂xµ
+ 0(ξ2)
Therefore the transformation of AiAB follows from
A′iAB =
∂g′iA
∂s′B
=
∂g′iA
∂sB
− ξµ,B
∂g′iA
∂xµ
Using ξA,B = θ
A
B(x
i) and ξA,i = θ
A
Bs
B we obtain
A′iAB = AiAB − 2gMNAiM [AθB]N + gMBθMA,i (30)
showing that in fact AiAB transform as the components
of a non-Abelian gauge potential, where the gauge group
is the group of isometries of the extra dimensions. This
property strongly suggests that AiAB should be consid-
ered as a confined gauge potential when D ≥ 6 and the
extra dimensions have an isometry group.
The simplest embedding theorem concerns the analytic
embeddings in flat spacesMD [18]. The analytic assump-
tion greatly simplifies the embedding and it implies that
10 dimensions are sufficient and it can be done in even
less dimensions. However, in brane-worlds the oscilla-
tions of the embedded geometry are taken as solutions
of the differential equations (5), and the analyticity im-
plies that these oscillations are represented by convergent
positive power series. This represents a limitation of the
spectrum of solutions, including the probing near singu-
larities where the power series may become divergent. To
avoid these limitations we assume that these oscillations
correspond to differentiable solutions of (5). In this case,
a more powerful embedding theorem shows that the lim-
iting dimension for a flat embeddings rises to 14, or, more
generally for an n-dimensional submanifold n(n + 3)/2,
with a wide range of compatible signatures [19].
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Consequently, with the exception of five-dimensional
bulks, we may use the gauge degree of freedom to deter-
mine the number of extra dimensions, such that AiAB is
the confined gauge potential. Taking the standard model
SU(3)×SU(2)×U(1) acting on a seven-dimensional pro-
jective space, identified with the space generated by the
extra dimensions, we obtain as in Kaluza-Klein and su-
pergravity theories an 11 dimensional space, which may
be realized in a flat bulk. On the other hand, it has been
suggested that the new physics occurring at the TeV may
require a larger gauge group [20]. If we take this into ac-
count along with the motivations for SO(10) GUT, the
differentiable embedding gives a fourteen-dimensional
flat bulk with signature (11, 3) where AiAB acts as a self-
contained and confined SO(10) gauge field.
Regardless of the topology of the extra dimensions we
need to know how far these dimensions can be probed
by gravitons. Currently there are two approaches to this
problem: In [2], the volume of the space probed by gravi-
tons is determined by the addition of two boundary terms
to the Einstein-Hilbert Lagrangian. A radion field in-
cluded in the metric takes care of the separation between
the boundaries. On the other hand, the derivation of
the size in [1] assumes that the bulk has a fixed product
topology, where the volume of the extra dimensions is
finite. The case of a single extra dimension is excluded
because it leads to a very large extra dimension.
Here, for generality we have not specified a metric
ansatz and for compatibility with the embedding we have
not imposed any topological condition on the bulk. To
find the size of the extra dimensions under these general
conditions, take a compact region in V¯4 and a finite vol-
ume V of the space generated by the extra dimensions
limited by two minimal boundaries for the variables sA,
such that this region is effectively probed by gravitons.
From our previous discussion, to keep the regularity of
embedding and wave equations we require that the length
of the extra dimensions should not exceed ℓ. Thus, the
action integral for the brane-world in this region using
(19) is (for n = 4)∫∫
R
√
gd4xdNs =
∫
R√gdDx−
∫∫
(K2+h2)
√
gd4xdNs
where we notice that all integrands depend on xi and
sA, so that the indicated integrals cannot be separated.
However, for small oscillations of the brane-world such
that (sA)2 << sA < ℓ, and using (15) in an appropri-
ate frame we obtain G = g, so that the Einstein-Hilbert
action for the bulk is∫
R
√
GdDx ≈
∫∫
R
√
gd4xdNs+
∫∫
(K2+h2)
√
gd4xdNs
However, from (16) we see that gij still has a linear de-
pendence on sA. This can be eliminated without fur-
ther impositions on the bulk by selecting a sufficiently
smooth background at the embedding neighborhood, so
that k¯ijA ≈ 0. With this choice, using the same argu-
ments as in [1] we may write similarly to [1]
1
M2+N∗
≈ ( 1
M2Pl
+
1
M2e
)V
whereM∗ andMPl are respectively the fundamental and
effective scales, and where we have introduced an extrin-
sic (or bending) energy scale given by
1
M2e
=
∫
(K2 + h2)
√
gd4x
This is not necessarily zero, even when the brane-world is
flat. As such it may represent an observable effect on the
brane-world dynamics in the form of the extrinsic tensor
Qij in (20).
Denoting by d the typical length of the extra dimen-
sional space probed by the gravitons, we may set V ≈ dN
and under the specified conditions we obtain
d ≈ M
2/N
Pl
M
1+2/N
∗
1
(1 +
M2
Pl
M2e
)1/N
The size predicted in [1] and [2] is recovered when
M2Pl << M
2
e which occurs with the suggested approxi-
mations. We cannot make such approximation in general
without imposing limitations on the brane-world oscilla-
tions.
When we have several extra dimensions the bending is
determined by kijA and the gauge field AiAB . This elim-
inates the need to introduce a radion field in the brane-
world metric which appear in the hypersurface cases.
VI. SUMMARY
We have investigated the most general geometrical sce-
narios in which a brane-world program compatible with
the hypotheses of embedding, confinement and the exis-
tence of quantum states can be implemented. Our anal-
ysis is independent of any previous choice of geometry,
topology, number of dimensions and signature for the
bulk. Instead, we have used the natural assumption that
the brane-world geometry must remain a local differen-
tiable embedded submanifold oscillating between mini-
mal boundaries. We have found that the four basic pos-
tulates are sufficient to go a long way towards the for-
mulation of a brane-world theory, but some conclusions
apply only when the bulk has at least six dimensions.
Our first result consists in the derivation of a general
dynamical principle for brane-worlds. We have shown
that the Lagrangian for the brane-world geometry differ
from the Einstein-Hilbert Lagrangian by a term, which
depends essentially of the extrinsic curvature. The impli-
cation of this is that in general the bulk responds to the
dynamics of the brane-world and consequently it should
be allowed to have a variable geometry.
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It is also possible to add to the modified Einstein-
Hilbert basic Lagrangian (19) a constant term and powers
of scalar functions constructed with the curvature tensors
derived from (5), to obtain higher derivative Lagrangians
provided we also take in account the corresponding pow-
ers of the extrinsic curvature term.
Using the fact that the extra dimensions do not obey
the same symmetry of the four-dimensional brane-world,
we have managed to derive a non-trivial canonical struc-
ture and suggested a canonical quantization of the brane-
world relative to the extra dimensions based on the
Hamiltonians HA.
When the bulk has at least six dimensions, a confined
gauge field is contained in the embedding structure. This
novel confinement mechanism appear in the form of one
of the basic embedding variablesAiAB . When we identify
this field with the physical gauge field, a simple arith-
metic fixes also the number of extra dimensions: For
the standard model it was found that the self-contained
gauge structure requires 11 dimensions. On the other
hand, the SO(10) gauge group implies in 14 dimensions,
which can be realized by a flat bulk.
Five dimensional, or more generally hypersurface mod-
els are not excluded from our analysis but since they do
not contain the field AiAB , the confined gauge fields need
to be introduced by other mechanisms. In this case, the
equations can be derived from the general case by setting
D = n + 1, A,B · · · = n + 1, gAB = gn+1n+1 = ±1 and
gi n+1 = 0. Only the first two equations in (5) remain
and are required to obtain a Lagrangian similar to (19),
suitable to describe the evolution of the brane-world with
respect to the single extra dimension.
One difficulty associated with perturbations of hyper-
surface brane-worlds in a constant curvature bulk is due
to a general result in geometry, stating that if a hyper-
surface has more than two finite curvature radii ℓi, then
it becomes indeformable [10]. This means that there is a
certain degree of stiffness associated with perturbations,
preventing the generation of more complicated configu-
rations of the embedded geometry.
The typical size of the extra dimensions compatible
with the embedding was found to be close to the one
predicted with product topology, as long as we remain
in the linear regime of perturbations in a very smooth
background.
We have not included some relevant questions such as
the emergence of a cosmological constant and the ob-
servable implications of the extrinsic terms in the dy-
namical equations (20). Problems related to brane-world
cosmology become extremely interesting under the La-
grangian (19), where the extrinsic geometry contributes
to the modification of Friedmann’s equation, as will be
discussed in a subsequent paper.
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